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SUMMARY

A device 1s described Wlch m.skesposeihle the measurement of prin.-
cipal extreme fiber bending strains over a circulsr area haviriga rSiiius
of O.~ inch with a systematic error on O.l-inch sheet of the order of
*O-)(-)(-X)3.The device requires a Tuckerman autacollimator to meamre
curvatures along three lines 120° apart and three l-inch Tuckerman
strain gages ta measqre strains along three other lines 120° apart.

... ..

Equations me presentid for computi~ radian fiber strains from the
measured curvatures and strains at the surface and from the thicknees of
the sheet.

INTRODUCTION

In static tests of aircraft structures it is frequently desired to
determine the magnitude and direction of yrincipal strains and stresses
at the median surface of stress+ arrying sheet or plate. The USU~
procedure is to determine extreme fiber strains along at least three
gage lines comtnonto both inner and outer eurfaces of the plate. The
median fiber strains along the three or more gage lines are then equal
to the average of the inner end outer extreme fiber strains along these
gage lines. The principal strains at the median surface are then com-
puted from well-known eqyatlons for rosettes (references 1 and 2). The
principal stresses are obtained by substituting the principal strains
in the equations ezqressing Hookers law for @ane stresses (references
land 2).

Occasionally it is i~ossfble to measure strains at the inner surface
of the plate, either because of inaccessibillty or because of the failuro
of inaccessible strain gages mounted on the inner surface to operate
satisfactorily. In such cases it i.sdesirable to determine the principal
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stresses at the
the plate only.
this purpose at

The author
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median swfaoe from meaeureuents on the outer surface of
-,

The device described In this report was developed for
&

the requeet of the Bureau of Aeronautics, Navy Departmon’k

wishes to exyress his appreoiatlon to the Na~~ Ibpartment
r

for releasing this report for publi”ca%ion.

PIUNCIFKE OF OPERATION OF TBE DEVICE

The device is designed to meamre curvatures and stxains on tho
surface of a plate along two aete of gago Lineo; each eet con~istod of
three gage lines 120° apart. From the.curvatures and the thickness of
the.plate it is pos61ble to compute extreme fiber bondi~ 6tia!ns alo~
the strain gage lines. Subtracting these from the total strains at ‘th~
extreme fSber give~ the.median fI%er “strainsalong the thzwo gage 3Ines
120° apart. The prtnclpal strafns and stresses and their dir~cticm may
be ccmrputed&on these three values of median fiber s&aln as explained
tn referencea 1 and 2,

One portion of the device, that for measuring stratns at tho mrf’ace
of the plate, is Identical with the adaptor for measuring printipal s’b?alns
with Tuckezman strain gages which was described In referenoe 3. The re-
maining portton, for measuring principal curvatures, is new.

A photograph of the complete adaptor is shown in fi@re 1. A dia-
grammatic sketchb shownin figure 2, The device provides a moms o&-
measuring dleplacements aj P} 7 0$ wee points A, B, and C, figure
2a, along three lines ra, ~, rcj, 120 apart rel.atlveto the ccurbr
of the device Q. As explained in refel’enco3 the average sixsins
e=, ebj e. in the d$.rections ra, ~, cro are related to the cll~placcmmts

a, p, y, by

ea = (2/3r)[a+ (13+7)/43

~= (2/3r)[P+ (a *7)/4]

e~ = (2/3r)[7+ (cz+B)/h J

} (1)
I

J
where r, the distance from O to A, B, or C, iE O.~0 inch. The
device also provides a means of measuring the rises 8,~ , 9 (=~n
positive when in the direction towards the gage) of’threo points D,
E, F, (fig. 2b), with respect to the piano through the points A, B, C,
The average curvatures between points A, 3, C are then

●

‘

.

.4

r



NACA TN No. 1137
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The
AB,
the

The

(2)

corresponding extreme fiber bending strains tn-the directim
BC, and CA, on a late of thickness h are obtained by mutfp~ing

?curvatures by h 2:

khc
‘AB=—

3r2

4h5
eAC . —

3r2

:

(3)

printipal extreme fiber bending stiains eu”~ ev” and the angle 6“

between the

computed as
for e“) by

direction of eu” end the direction of the line BC can be ‘..
outlined in the appendix (fig. 3 indicates positive value
computing the strain diff’erencee and the sum:

‘y=%C-eCA

t~,= eCA ‘em

t~=e~-~C

s“ = ~ (~c + e~A ~ em)

1

(4)
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and substituting these in

“ = S“ + Tt’‘u

The principal
by h/2:

curvatures dlvidin$ the prlnclpttl

-’l

I
“>

!
(6)

The directions of prlnclpal curvature colncido with the Mrootlons of
principal strain given by @“ in (5).

The extreme fiber bending strains in tho direotfon ra, z%, rc,

may ’becomputed ftiomtie qusntitios defined in (4), as explained in tho
appendix, with the remzlt:.

,.
The median fiber strains in the t~rection ra, rb, rc SJ?Oob~lned ~Y

subtracting (7)from (1)

—

.—
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*t=e _e~f
a. a a

%= %-%

~t=e_efl

The

the
et)

and

and

-c -c -c

principal mediem ftber,strains e:, e: and the

direction of e; and of ea (fig. 3 indicates

are computed finally by reyeating the procedure
(5),thatis,coqutingfiret

substituting these valuesin

(8)

angle et between
positive value for

of equations (4)

(91

.—
et =SI+T?
u

el =st_T?
v -.— ) (10)

**G, J3t&=
ti - t;

CONSTRUCTION OF THE SEVKICE

m

The construction of the device is shown Zn the detail end assembly

.I drawings, figuree 4 to 8} as well as in the photograph (fig. 1). The
device at B,figure 1, the adaptor for measuring the rise at tie midpointe
of the lines connecting the points A, B, end C (fig. 2b). The rise is
measured as the change in angle between a lever and the Tlane establishedby
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the points A, B, and C (fig. 2b). The angle ie measured by a Tuckerman &
autooollimtor as the angle between the fixed mirror C e.mithe lever .—
mirror D (ffg. 1),

r“

A satisfactoryprocedure for assembling part A, figure 1, for moaB-
uring surfaca strains is described In reference 3. A satisfactory pro-
cedure for aeseniblingpart B, figure 1, for measuring curvature is m
fol~ows. First assemble the optical portton of the rim measuring system,
The prism housing (7) (ffg.7) is mounted on its pfvots with adjusting
nut (lh)”~d spring (18]w shown in fl@ies 1 and 4. The housing is
rotated on its pivots unttl its top iE parallel to.the top of tho body
(1). A prism (20) Is now mounted in the hotiing, using a suitable
cement, so that its diagonal faoe is parallel to tho axis of rotation
of the housing and its upper face parallel to the top of the body (1).
A similar procedure is followed for mounti

7
the prism (10) in the lever

subassemb~ (fig, 8). The prism housing (7 and the Ievor (5) is removed
from the body (3) and the body i~ attached to the base (10} by the screw
(17) and the dowels (11). The prism houeing (7] and lever (5) ie then
reas~ercibledin the body (1) and the spring lmr (9)is Inserted. The
spring (19)is then installed between this.bar d the spring p~n (8)
on the Umer and is adjusted by stretchlug. ~en proporly adJusted,
the force requfred to move the foot of the lever imta contict with base
(10), figure 5, should be between 0.002 end 0.005 pound.

The calibration of
in referenoe 3.

CAJJBRATION OF ‘IKEDEtiE

the part for measuring surface stratis is ‘gfven

The part for measuring curvature was calibrated afifollows. A
micrometer screw was so mounted that it could raise or.lower the foot
of a lever by known amounts. Simultaneous readings were then Non of
the change in angle of the lever, as measured by a Tuokerman autocolli-
ma%or, and the rise of the foot of the lever as measured %Y the mlcmm–
eter screw. The calibration curve is shown in figure 9. It is evident
that all the levers have the same calibration and that the riee of the
lever foot in Inches $s nearly equal to the ohange in angle of the lever
in radians. Consideration of the geometry of the lever and priem (fIg.
9) shows that the relatlon between ri~e and change In angle A of the
lever from the plane determined by the points A, B, and C (fig. 2), is

.

The observed
substituting

Rise = A -0.163A2 (11)

values”of rise in general differed from those computed by
the measured change in angle into equation (11) by less

—
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than the observational error of’0.0002 inch of the micrometer screw. The
rise is given with an error of less than 1 percent by the lfiear relation

4

Rise = A (12]
1

for ohanges A in angle from &I horizontal of les~ than 0.06 radian,

The rises, 6 , q, B of the feet of the levers detemined frmn the
measured changes in angle by e~uation (12) are substituted in equation

—

(3)with r=-

Substituting
equation (13)

Equation (13)

0.940 to give tie extreme fiber bending strajns e“:

e“ = 1.5h A ‘(AZ 0.06) (13)

A = 0.06 in this equation and solving for h shows that
holds within 1 percent, provide~ .

h >lle” (14)

holds for strains up to 0.008 (equal to or greatir than
. the yield.stiain for most metals); provided th~ sheet thi~kness exceeds

0.09 inch.

●

ACCURACY OF THE DEVICE

Reference 3 gives sn estimate of the accuracy with which surface
strains may be measured with the device on a surface which remains
nearly fI.atduring the test. An estimate of the accuracy wfth which
the device indicates extreme fiber bending strains was obtained by
comparing strains measured by the device with strains masured directly
by Tuckerman strain gages.

Two specimens were used. The first WaS an O.187–by 3– by 27–inch
strip of 24S+! aluminum alloy, supported at the quarter -pointsand
loaded at the ends. The uniformity of extreme fiber bending strain
near the middle of thts strip was checked by ‘l?uckermanstrain gages,
The strain was found to vary less than 1 percent over we middle 5
inches of the strip. The lo~itudinal end tamnsveree extreme fiber
bending strain at the center of the strip was then measured by Tuckerman

“ strain gages and by the curvature device in two clifferent attitudes with
the results shown in figure 10. The extreme fiber bending strains as
measured by the device ewyeed with those measured by the Tuckerman gages

* within 2 percent of the maximum strain of O,0U20.



Theeecondspecimen was an 0.126- by 7.2-by 7.2--inch@ate of ●

24S+ aluminum alloy supported at two diagonally opposlto corners and
loaded on the other two corners, (See flg. 11.) The loaded plate bent
to form a saiklblike surfaoe. The extreme f’fberbending strain near I

the center was measured,by pairs of Tuokerman g~es and by tho owvabmo
device in two different attitudes. The results are shown in flguro 11.
The extreme fiber bending stiatns measured by the curvature device
qg?eed with those measured by the Tuokezmkn gages within h peroent of’
the maximum etrain, of.O.0009.

—

Xn both tests (f@s. 10 and 11) it is obmwvod that the specimen
became stiffer as the load increased. Z’hisIncrease in fltlffno~awas
ascribed to the increaae in the effectivo mcmwnt-of inertM a~ the
deflection of the plate becawe co.nqxxrablewith its thi.chess.

CONWT.JSIONS

The deti.cedescribediEIsatisfactory for measuring prlncirml
extreme fiber bc+ndlnggtraine over an eq~tlateral tri.ez@o 1.63 inches

—-
.

on a side with a systematic error not exceeding 2 percent and a wan
observational error in strain on O.1-inoh sheet of the order of
*0.00003, with a maximum of the order of 0,00004. !l’hedevice inGOrpOr~ti@ ‘
aa an integral part an adaptor previously descrfbed for mecunzringprin- —

cipal surface strains with a systematic error not exooeding ~ perceut.
Equations are presented for computing media fiber strains from the
measured bending and surfaoe strains.

Nattonal Bureau of Standards,
Washington, D,C., July 14,1945.

.

—
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AI?PENDIX ,.

DETERMINATION OF MEDIAN.F16ER STRAINS

FROM EXT!RMN FIBER S’IRAHJ5AND CURVATURES

Cdnsider given the total extreme fiber strains

where the mibscripts x,
lative ta a base line BC
strains

‘a = ’90

‘b = ‘alo

‘c = ‘3330

210, smd.330 denote
(fig. 3), end also,

41K4
‘k=~=e:

khb
e~A=—= e “

3r2
zao

khc
e~=— =*”

3r2 a40

2

the angle in degrees re-
the extreme fiber benil~

(A2)

The med.tanfi%er strains along lines ra, rb, rc, are

et=% lt
90 90 -*9O

ea~o=ealo-ea’~o

e3jo=e330-e~&o

where e~o, ea’~~ e~’~o denote the extreme filer bending strains along

these gage lines.



10 NAcJITN No. IJ37

The extreme fiber bending strains e~o, ~ ~o, ~~ ~ are compu~d
●

frcun e;, ~~o, ~~o by determining first the principal extrene fiber

bending strains e:, e; and their direction e” and then determlning z

e;~, from e~, e;, @“.‘G:o> ‘s~o In carrying out the computation it

is convenient to introduce,

J
The printipal strains are ‘thenfrom (equation (2) of reference 3)

+ = Sll * p

e+ = S“ - T“

—

(M)

Strains along the gage line G1 are related to the principal sb?ains
e~, e; by (referenoe 4) —. —.

“+e~ eJ_e~
‘u

=— i- 00s 2 (@l - 6“)
2 2 -J
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b From (As)

s

where

n

“ + e“‘la v. ~!t

2

‘; - ‘: = T!!

2 1

E~anding COS2(6= - G“ ):

c0S2(el – e“) s COS29X c082e” + Sin2Q1 SW” (A9)

c0s2e” s
1

1

—

J I + ti’2e”
(Ale)

tan 20’
sin2e” =

1 + ter122e”

Inserting (A6) and noting from (Ak) that

ty +

gives

c0s2e” s

tg+t:=o

(M)

(All)

(A12)

(A13) ‘-

(AI-3)in (A7)gives
-.—— —_ ..

- t:)c092e1+J3 tg sti2e1 1 (Alk)
-:
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Letting f3i= 90°,210°,and 330°give~

t: -- t;
el*=S1l+-330

T“
---

2 Jt;2 - t:t;

(AI6)

.

Inserting (AI.6)in (A3) givo~ the desired median fiber strains along
the line= rajrhfrc.

1. mgooa, will.R., and Sturm, Rolland G.: The Determination of fitreesoe
from Stiains on ‘l?hreeIntersecting @o Lines and Its Application
to Actual-Tests. Nat. Bur. Of’Standards,Jour. Ree., VO~. 1.0,~
1933,m. 685-692,

2. Osgood, h. R.: Determination o~.%inc~.pal Stresses from Strafnson
Four Xnterseotlng Ga~e Idmee 43° Apmrt. Nat. hr. of Standamie,
Jour. Res., vol. u, Dec. 1935,pp. 579581.

3. McPherson, A. E.: Adaptor for Measuring Erinc3pal Strains with
Tuckerman Strah Gage. IWCA TN 8%, .1943.

4. Love,A. E. E.: A Treatise on the Mathematical Theory of Elasticity.
Univ. Press (CemlmMge,Eng.), 1920.

.

.



. * . ,
. r

::
..,.,. ..: :, :,

I .,

E’igule1.- Oomplete adaptor.#

,,, ,

I



NACA TN HO. 1137

‘a

Figure2a.- Strain measurements.

I

Figs, 2,3

A

B E’ c
.

Figure2b.- Ourvaturemeasure-
mente.

i

I

--es = ego,e~,e~

Figure3.



— .

. , . . . ,



NACA TN NO. 1137 Fig. 5

uAV”o

511 “o

AA*.%

●✍

✌✏

,/—’
/,

/

\

/

\
\:

/-?

\
/ \ /

‘=/

‘$



NACA TN No. 1137 Fig. 6

I ,+a/L&-

I
A?=0./0

Dri/.. <’”””4-7Ifi.%?.~..,

Dimensions in Inches

1

except whre rid%.

f+. 6.- Detw’/sofCZ#vzz71hn=L&t4ce

——

—



NACA TN ~0 . 1137
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